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Abstract 

We study M5 branes by considering the selfdual strings parallel to a plane. With 
the internal oscillation frozen, each selfdual string gives a 5d SYM field. All selfdual 
strings together give a 6d field with 5 scalars, 3 gauge degrees of freedom and 8 fermionic 
degrees of freedom in adjoint representation of U(N). Selfdual strings with the same 
orientation have the SYM-type interaction. For selfdual strings with the different 
orientations, which could also be taken as the unparallel momentum modes of the 6d 
field on that plane or the (p, q) (r,s) strings on D3 with (p, q) / (r, s), the + 
[j, k] — > [i, k] relation is not valid, so the coupling cannot be written in terms of the 
standard N x N matrix multiplication. 3-string junction, which is the bound state of 
the unparallel [j, k] selfdual strings, may play a role here. 



Keywords: Field Theories in Higher Dimensions, Brane Dynamics in Gauge Theories, 
M-Theory 



1 Introduction 



The effective theory on M5 branes is special in that the basic excitations, the selfdual strings, 
are Id objects other than the Od objects, like those on D branes or M2 branes [H [2]- If the 
selfdual strings can be closed and can shrink to point like the fundamental strings, then 
we will still have a theory with the semi-point-like excitations. For selfdual strings without 
the charge, this is indeed the case. In abelian theory, the quantization of the point-like 
M2 confined to M5 brane gives the (2,0) tensor multiplet [31 HJ [5]. Moreover, the basic 
excitations on (2, 0) little string theory (6] living on iV coincident type IIA NS5 branes 
are closed fundamental strings, which are also the closed selfdual strings coming from M2 
wrapping the M theory circle intersecting NS5 along a closed curve. 

There is no evidence showing that for selfdual strings carrying charge, the situation is the 
same. Consider DA branes, which are M5 branes compactified on x§. The monopole 
string on DA can carry the DO charge. The closed [i,j] monopole string with the vanishing 
length carrying DO will appear as the point-like instanton with charge However, the 

classical instanton solution with charge is associated with the monopole string 
extending along a straight line, while the point-like^] 1 /2 BPS instanton solutions are always 
chargeless. The closed monopole string with no -DO charge is the selfdual string with the 
winding number and the momentum both zero along x&, which will give a 5d massless SYM 
field in adjoint representation of U(N), in addition to the original 5d SYM field coming from 
the selfdual strings winding x§ once. The SYM field like this is always massless even if the DA 
branes are separated from each other, so it will dominate at the Coulomb branch. However, 
on DA, no such field exists. We do not get the clue for the existence of the closed charged 
selfdual strings. Actually, when the charged selfdual string becomes curved, different parts 
of it may exert force to each other, so it cannot vibrate freely and cannot be closed as the 
chargeless strings do. 

Then we have to incorporate the Id object in a 6d field theory. In this paper, we will 
take the tensionless selfdual string extending along, for example, the 25 direction, as the 
point-like 6d excitation, which is in the position eigenstate in 1234 space but in the P5 = 
momentum eigenstate in x$. If so, selfdual strings extending along the same direction cannot 
give the complete Hilbert space for the 6d particle. To get the full Hilbert space, we need 
to consider selfdual strings with the orientations covering all directions in a plane. The 
superposition of the selfdual strings parallel to a plane can give the 6d point-like excitations 
localized in 12345 space, but it seems that somehow, the position representation is not the 
suitable one, since it is the selfdual strings other than the [i,j] point-like excitations 
that naturally exist. One plane is already enough to define a 6d field theory, so different 
planes may give the U-dual versions of the same Qd theory. This is quite similar with the 
M = A SYM theory, for which, one (p, q) string defines a Ad field theory, while the rest (p, q) 
strings give the S-dual Ad theories. 

1 By point-like, we mean the instanton solution is localized in i? 4 , centered around a point. 
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Theories with the line-like excitations are intrinsically different from those with the point- 
like excitations. If the excitations are line-like, a reduction on x?, will give the selfdual strings 
extending along x§, while a further reduction on x 4 will make P4 = 0. The first reduction 
selects a particular selfdual string; the second one is just the ordinary reduction in local field 
theories. With 4 and 5 switched, we will get the selfdual strings extending along £4 with 
P 5 = 0, which is S-dual to the selfdual strings extending along x 5 with P 4 = 0. On the other 
hand, if the excitations are point-like, both sequences will give the point-like selfdual strings 
with P 4 = P 5 = 0. In IB], Witten has shown that due to the conformal symmetry, the 45 
and 54 reductions of the 6c! (2, 0) theory will give two S-dual 4c? SYM theories other than one 
4c! theory, which strongly indicates that the basic excitations on M5 cannot be point-like. 

Recall that in [5], the equations of motion for the 3-algebra valued (2, 0) tensor multiplet 
contain a constant vector field C^. A given will reduce the dynamics from 6c! to 5c!. 
However, if C M covers all directions in a plane, we will get a set of ^-parameterized 5c! SYM 
theories^] which is equivalent to a 6c? theory with 5 scalars, 3 gauge degrees of freedom and 
8 fermionic degrees of freedom. Each 5c? SYM theory has the 5c! vector multiplet in adjoint 
representation of U(N), arising from the quantization of the open Ml intersecting M5 
along the C M (#) direction. The oscillation along C M (0) is frozen, so the spectrum is the same 
as that from the quantization of the open string. For the given 6c? (2, 0) tensor multiplet 
field configuration, each 5c! SYM field comes from the reduction of the 6c! field along C^{9). 
This is actually a special kind of KK compactification, using the polar coordinate other than 
the rectangular coordinate. 

Suppose the selfdual string orientations are restricted in 45 plane, then the common 
eigenstates of [X\, X 2 , X 3 , P 4 , P 5 ] could be selected as the bases to generate the Hilbert space. 
In this respect, it is convenient to consider the KK mode of the 6c! (2, 0) theory with £4 and 
£5 compactified to circles with the radii P4 and P5. M5 branes with the longitudinal X4 and 
X5 compactified is dual to the D3 branes with the transverse x' 45 compactified. The vacuum 
expectation values of the 2-form field on X4 x x 5 is converted to the transverse positions 
of the D3 branes on x' 45 . The duality differs from the T-duality in that two longitudinal 
dimensions are converted to one transverse dimension so the total dimensions are reduced 
from 11 to 10. The (n/P 4 ,m/P 5 ) momentum mode of the 6c! theory is dual to the (p,q) 
string winding x' 45 k times, with n = kp, m = —kq, p and q co-prime. The (p, q) strings 
form the adjoint representation of U(N). Correspondingly, the momentum modes as well as 
the original 6c! field are also in the U(N) adjoint representation. 

The (n/i?4, m/R§) momentum modes are in 4c! vector multiplet V4, which, when combine 
together, give the 6c! tensor multiplet T§ in U(N) adjoint representation. Although the 6c! 
tensor multiplet is in the adjoint representation, the coupling involving more than two fields 
cannot be realized as the standard matrix multiplication. SYM coupling is obtained by 

2 A single 5d SYM theory already contains the complete KK modes of the 6d theory [TQl [TTj . The KK 
modes are realized as the field configurations in R A carrying the nonzero Pontryagin number. Here, the 
^-parameterized SYM field must have the zero Pontryagin number, because it is the zero mode of the 6d 
field along the C M (6>) direction. 
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studying the scattering amplitude of the open strings ending on D branes. + [j, k] — > 
[i,k], so the L^M^Nf type coupling is possible. On the other hand, for M5, we need to 
consider the scattering of the selfdual strings parallel to a given plane. Selfdual strings with 
the same orientation still have the SYM-coupling, while for selfdual strings with different 
orientations, the + [j,k] — > [i,k] relation is not valid, so the (n/ R^,m/R 5 ) mode, 
the [j,k] (k/Ri, I/R5) mode, and the [k,i] (— (n + /c)/_R 4 , — (m + /)/i? 5 ) mode of the 60? field 
cannot couple unless nl = mk, in which case all of them belong to the same 5d SYM theory 
with tan 9 = The difference between the SYM theory and the effective theory on 

M5's is rooted in the fact that the boundary of the open string is the point, while the 
boundary of the open M2 is the line. 

The {n/R^m/R^) momentum mode of the 60? SYM theory on D5 is dual to the open 
Fl ending on D3 with the winding number (n,m) around x' 4 x x' 5 . From the scattering 
amplitude of the massive winding open strings and the massless open strings on D3, one 
can reconstruct the original 6c? SYM theory. Similarly, for M5, we need to consider the 
interaction of the open (p, q) strings ending on D3 winding x' 45 k times for all co-prime (p, q) 
and all nonnegative k, or in other words, the interaction for all of the monopoles and dyons in 
M = 4 SYM theory. When the scalar fields on M5 branes get the vacuum expectation value, 
D3 branes will be separated in the rest 5d transverse space, while the 3-string junctions 
[j~2| [13], which are also the bound states of the [j, k] selfdual strings each carrying the 
transverse momentum in 45 plane, can be formed. The 3-string junction is characterized by 
three vectors (r 4 , r 5 ), (s 4 , S5) and (£4, t 5 ) in 45 plane, which may couple with the {n/R^ m/R^) 
momentum modes as long as (n,m) oc (r 4 , — r 5 ), or (n, m) oc (s 4 , — s 5 ) or (n, m) oc (t 4 , — 
The quantization of the 3-string junction with the lowest spin content gives the 1/4 BPS 
multiplet V 4 © ([1/2] © [0] © [0]) with 2 6 states [Hj, which, when lifted to 6d, becomes the 
(2, 1) multiplet with 2 7 states, among which, half are tri-fundamental and half are tri-anti- 
fundamental representation of U(N). + [l,j,k] — > [i,j,k], [j,m] + [i,m,k] — > [i,j,k], 
[k,n] + [i,j,n] — > [i,j,k], so we may have couplings like VlT ijk T ljk or ViT^T^V^. f\ 

However, with the given scalar vacuum expectation value Vi on M5, the bound states 
of the Vij (n/R^m/Rs) momentum mode and the [j,k] Vjk (k/R4,l/R 5 ) momentum 
mode exist only under the certain condition h(v i j,Vj k ,n/R 4: ,m/R 5 , k/R^l/R^) > with 
h = specifying the marginal stability curve [16]. Especially, when = 0, Vi, j, except for 
n = m = 0ork = l = 0, which is at the curve of the marginal stability, the rest bound states 
do not exist. The bound state of the (0, 0) momentum mode and the [j, k] (n/R^, m/R 5 ) 
momentum mode could be taken as the tensionless selfdual string carrying the longitudinal 
momentum. It is unclear whether it is the bound state or just two separate states. 

When compactified on X5, the selfdual string extending along x$ becomes the 
Fl localized in 1234 space. For the rest selfdual strings, to get the definite P5 momentum, 

3 In [H], the scattering amplitude involving two charged 5c? KK modes and one 5c? zero mode for M5 
branes compactified on S* 1 is discussed. The charged KK mode is the 1/4 BPS dyonic instanton in 5d 
massive (2, 1) multiplet, while the zero mode is in 5d massless vector multiplet. The incorporation of the 
spin-3/2 particles of the (2,1) multiplet into the theory requires a novel fermionic symmetry. 
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they must carry the definite transverse momentum thus are projected into the bound states 
of the Fl and the monopole string, each carrying the suitable P4 and P5 transverse 
momentum, localized in 123 space. The 1/2 BPS solutions for the BPS equations in 5d SYM 
theory match well with the above states, except for instantons, which is also localized in 
1234 space. Similarly, the 3-string junctions in 6d, when projected to 5d, become the bound 
states of the Fl and the [j, k] monopole string with P 4 and P5 transverse momentum, 
localized in 123 space. Except for the dyonic instantons, the generic 1/4 BPS solutions in 
5c? SYM theory involving no more than three P4's have a one-to-one correspondence with 
these states. 

The rest of this paper is organised as follows: In section 2, we discuss the longitudinal mo- 
mentum mode on branes with special emphasis on the point-like charged 1/2 BPS instantons 
on D4 branes. In section 3, we consider the self dual strings on M5 branes parallel to the 45 
plane, or equivalently, the KK momentum mode of the Qd theory upon the compactification 
on £4 x X5. In section 4, we study the interaction of the 6d (2, 0) theory by considering its 
KK mode on X4 x x 5 . In section 5, we consider various momentum-carrying BPS states in 5d 
SYM theory, especially, the monopole string carrying the longitudinal momentum and the 
string carrying DO charge. In section 6, we discuss the states living at the triple intersection 
of M5 branes. The discussion is in section 7. 

2 The point-like charged P 5 momentum mode on DA 
and the nonabelian bd massive (2, 0) tensor multiplet 

In this section, we discuss the longitudinal momentum mode on M5 branes, which is carried 
by selfdual strings. We will argue that there is no closed charged selfdual strings and so no 
classical point-like charged momentum mode on M5 branes. Nevertheless, on N coincident 
D4 branes, the localized P5 mode (DO brane) could be realized as the quantum super- 
position of the [i,j] P5 mode in momentum eigenstate of, for example, P4, which is the 
tensionless monopole string wrapping X4, carrying the DO charge as well as the P4 longitu- 
dinal momentum, or equivalently, the (n, 1) string on D3 if x 4 is compactified. The 5d 
massive nonabelian (2,0) tensor multiplet with mass P5 = I/P5 could then be decomposed 
into a tower of 4c? massive U(N) vector multiplet arising from the quantization of the (n, 1) 
open strings for all n£Z. 

2.1 The longitudinal momentum mode on branes 

Let us first see the transverse momentum of the branes. For a Dp brane with the transverse 
dimension x p+1 compactified to a circle S 1 , the brane may locate at a particular point in 
S* 1 or have the definite momentum along S 1 . In the former situation, after the T-duality 
transformation along x p+ i, Dp becomes D(p + 1) with the gauge field A p+ i getting the 
vacuum expectation value. In the latter case, the T-duality transformation converts Dp 
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into D(p + 1) with the definite electric flux F (p+i)- D(p + 1) cannot have the definite A p+1 
and Fo( P +i) simultaneously, just as Dp cannot have the definite X p+ i and P p+ \ at the same 
time. In M theory, if is compactified to S 1 , M2 transverse to x$ may either locate at a 
particular point in S 1 or have the definite P5 momentum. M2 with zero P5 momentum is P2 
in type IIA string theory. M2 with nonzero P5 momentum is the D2-D0 bound state. The 
transverse velocity should be the same everywhere on D2, so the PO charges are uniformly 
distributed over D2. If the masses of the D2 and DO are rri2 and m respectively, the energy 
of the D2-D0 bound state is y / mf-|-m§, in contrast to the energy of the DA-DO bound state, 
which is m 4 + m . 

As for the longitudinal momentum mode on branes, consider Dp brane with the longitu- 
dinal dimension x p compactified to a circle S 1 , Dp may carry momentum along x p . Under 
the T-duality transformation in p direction, we get the _Dp_i-.Fl bound state with Fl ending 
on -D p _i winding the transverse circle x' p . If the i t h and the jth D p -\ branes are separated 
along another transverse dimension x' p+1 , the closed PI becomes open, which, under the 
T-duality transformation along x' p , gives the open string ending on Dp branes carrying 
the P p momentum. So, more precisely, the P p longitudinal momentum of the Dp brane is 
the P p transverse momentum of the open strings living on them. Consider the i t h and the 
jth Dp branes with the string orthogonally connecting them carrying momentum P p , 
the total energy is m p + \jT Fl \vi — Vj\ 2 + P p , where m p and Tpi\vi — Vj\ are masses of Dp 
and string respectively. When Vi = Vj, the energy reduces to m p + \P P \, corresponding 
to the Dp branes carrying the P p longitudinal momentum. The low energy effective 
action on N coincident Dp branes is the U(N) SYM theory. When compactified on x p , one 
may get an infinite tower of KK modes still in the adjoint representation of U(N). We have 
seen that the P p momentum carries charge, thus is indeed in the adjoint representation. 

For M2 branes, two M2 branes orthogonally intersecting at a point may form the thresh- 
old bound state, so the transverse momentum of one M2 gives the longitudinal momentum 
of the other, as long as the two can keep intersecting at one point. Similarly, it is natu- 
ral to expect that for M5 branes, the P& longitudinal momentum may actually be the P& 
transverse momentum of the selfdual strings living in them. Especially, for 5d SYM theory, 
the P5 momentum may just come from the monopole strings living in P4. However, P 5 like 
this is distributed in a straight line other than localized at a point. Localized instantons do 
exist, which are DO branes resolved in DA. The line-like P5 momentum carried by selfdual 
strings has the charge, while the point-like P5 momentum corresponding to PO branes 
is chargeless. It is necessary to construct the point-like 1/2 BPS momentum mode carrying 
charge. 

One may want to consider the closed selfdual strings, which, with the length shrinking 
to zero, may carry the point-like momentum. However, the selfdual strings carrying charge 
must extend along a straight line. We cannot get the closed charged selfdual strings unless 
the worldvolume of the M5 branes has the nontrivial 1-cycle. Consider the selfdual 
string segment extending along ABC, where ABC are three points in Mb. Suppose 
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AB.LBC, then the AB, BC strings are actually the same as the Fl and the Dl. 
The configuration like this is not BPS, so Fl and Dl may exert force to each other. The 
Fl-Dl bound state is not at the threshold and has the mass \vij\J \AB\ 2 + \BC\ 2 due to the 
binding energy We are actually talking about the selfdual string segment extending 
along AC. The [i,j] selfdual string cannot vibrate freely, because different parts may exert 
force to each other. 

On the other hand, the chargeless selfdual strings do not have this problem. They can 
be closed and may carry the point-like momentum. One such example is the [i, i] selfdual 
string. On the ith M5 brane, we have the zero length closed selfdual string, or in other 
words, the collapsed M2 brane, the quantization of which gives the expected U{1) (2,0) 
tensor multiplet [21 lU E]- When compactified on x§, the point-like D2 with P 5 momentum 
becomes the DO confined to the ith D4. Another example is the little string theory jBJ [T71 HE] ■ 
Consider N coincident type IIA NS5 branes with the longitudinal dimension x$ compactified 
to a circle with the radius P5. The 11th dimension is xio which is compactified with the radius 
-Rio- There are closed fundamental strings with tension 2ttR w Tm2 living in NS5, which are 
closed M2's wrapping x\o intersecting M5 along a closed curve. After a series of duality 
transformations, the momentum mode (carried by the type IIA string) along x$ is converted 
to the DO branes living in D4 branes with the compactified transverse dimension x' 5 . If the 
original type IIA closed string has the finite length, we will get a closed D2 wrapping x' 5 
intersecting D4 along a closed curve carrying the uniformly distributed -DO charge. The DO 
branes are obtained when the size of the D2 brane carrying them shrinks to zero. Actually, 
the type IIA NS5 brane picture and the D4 brane picture are S-dual to each other with 5 
and 10 switched. On type IIA NS5 branes, the P5 momentum is carried by the closed string. 
When the string shrinks to a point, we simply take it as a momentum mode without the 
string involved. Similarly, on D4 branes, we may have closed D2 carrying P 5 momentum. 
With the closed D2 shrinking to a point, we are left with the DO brane/Ps momentum. 

On a single NS5 brane, purely P5 momentum is carried by strings that do not wind x$, or 
alternatively, M2's that do not wrap x§. Correspondingly, on a single D4 brane, the purely 
P5 momentum mode should be carried by the closed D2 branes other than strings. The 
complete KK modes on NS5 branes upon the compactification on x 5 are characterized by 
(m, n), where m and n are the winding number and the momentum mode of the string along 
x 5 respectively. The (m,n) mode has the mass 27rmTp 1 P 5 + n/R 5 . (m, 0) mode, (0,n) mode 
and (m,n) mode are in the 5d (1,1), (2,0) and (2,1) multiplets preserving 1/2, 1/2, and 
1/4 supersymmetries respectively |19j. For the dyonic strings in [IT] , with x 6 compactified 
to a circle, the bound state of the [1, 2] and [2, 1] dyonic strings carrying n instanton number 
is just be the (1, n) mode here. The generic (m,n) mode is obtained by the quantization 
of the type IIA strings. Especially, with Nl = 0, the level-matching condition requires 
Nr = mn, so the oscillation mode along the string must be turned on [191 ED]. This is 
easy to understand. For type IIA string wrapping x$, P5 can only come from the internal 
oscillation since there is no transverse momentum along X5. On the other hand, if the 
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selfdual strings wrapping x 5 cannot oscillate, the P 5 momentum carried by it can only come 
from selfdual strings extending in 1234 space. The (to, n) mode in this case is actually the 
threshold bound state of the (to, 0) mode and the (0, n) mode. The former is associated with 
the selfdual string extending along x^, while the latter is given by the tensionless selfdual 
strings extending along 1234 space carrying the P5 momentum. It is possible for the 
(to, 0) mode and the [j,k] (0,n) mode to form the threshold bound state with ijk indices, 
which we will discuss later. 

2.2 The point-like charged P5 momentum mode 

Now, let us consider the relation between the point-like charged P5 momentum mode and 
the line-like charged P5 momentum mode. For N coincident DA branes with the longitudinal 
dimension x<± compactified, the T-duality transformation along x 4 converts the DA-DO bound 
state into the D3-D1 bound state with Dl winding x" 1 . More precisely, Dl carrying the 
definite electric flux, or equivalently, Dl-Fl bound state, corresponds to DO in P 4 momentum 
eigenstate, while Dl with the definite A 4 field corresponds to DO in X A position eigenstate. 
We may take the (n, 1) strings in D3 as the bases, the superposition of which gives Dl with 
the definite A4, which is also the DO located at a definite point in DA. Moreover, since 
Dl ending on P3's can also carry charge, the Dl wrapping x' A is dual to the D2 
wrapping x 4 with the DO charge spreading over x X4. When Vij = 0, we are left with the 
tensionless monopole string winding x 4 carrying the uniformly distributed DO charge, 
which could also be taken as the DO in P 4 momentum eigenstate with the eigenvalue 0. 
Similarly, the (n, 1) string is dual to the combination of the tensionless monopole 
string winding rr 4 carrying the uniformly distributed DO charge and the massless string 
carrying P 4 momentum, which could be simply taken as the DO with the nonzero P 4 
eigenvalue. Still, the superposition of the [i,j] (n, 1) strings for all n gives the DO in 
X4 position eigenstate. The instanton solutions describing the DO with the definite 
P 4 momentum have the translation invariance along x 4 , involving both magnetic and the 
electric fields. These states compose the complete spectrum for the charged DO living in DA, 
while the localized charged DO is the superposition of them. 

The above conclusion can be stated in the language of Mb branes, since the bound state 
of the tensionless monopole string wrapping x 4 carrying DO charge and the massless 
string carrying the P 4 momentum is just the tensionless selfdual string living in x 4 x x$ 
carrying the transverse (P 4 , P 5 ) momentum. Consider M5 branes with x 4 and x 5 compacti- 
fied with the radii P 4 and P5, P 4 5 = 27T R 4 Rr ■ Tensionless selfdual string winding x 4 and 2:5 to 
and n times may carry the transverse momentum (— n/R.4, m/R 5 ), thus could be described 
by the wave function 
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The P5 momentum localized in X4 has the wave function 



1 



} S( Xl - X 1 )5(x 2 - X 2 )5(x 3 - X 3 )5(x 4 - X 4 ), 



(2) 



2vrP 5 



exp 



which is the superposition of with all n G Z. In this respect, at least for M5 with at least 
two dimensions compactified, the longitudinal momentum is still given by the basic excita- 
tions, which are the selfdual strings here. The only difference is that the selfdual string is 
the one dimensional object, so the transverse momentum carried by it will appear as the two 
dimensional wave other than the one dimensional wave like the momentum carried by parti- 
cles. To get the complete spectrum, we need the particles with the location covering xa, or 
the selfdual strings with the orientation covering the 45 plane. {5(x4 — Xzt)|X4 G [0, 27ri?4)} 



On D4 branes, the P5 momentum can only be carried by the selfdual strings. 
There is no classical solution for the point-like instanton with the charge However, 
we do have the solution for the chargeless point-like instantons, which may consist of N 
instanton partons with charge [1, 2], • ■ ■, [N — 1, N], [N, 1], while the size p is the parameter 
characterizing the distance between the instanton partons [2D [22] ■ Similarly, for type IIA 
NS5 branes with £5 compactified, the P5 momentum is carried by the point-like closed 
strings, which are also composed by the [1, 2], • • •, [N — 1, N], [N, 1] closed selfdual strings 
from M theory's point of view. It is difficult to get a single closed selfdual string with 
charge However, if one longitudinal dimension of D4 is compactified, an instanton 

on D4 branes will be dual to a D-string on D3 branes winding the transverse circle one 
time. A closed D-string is composed by the [1,2], • • •, [N — 1, N], [N, 1] D-string segments 
[2HI22]- The D-string segment can exist independently, because it is the monopole 
string extending along the compactified longitudinal dimension carrying the transverse P5 
momentum. Similarly, for the P4 longitudinal momentum mode on D4 branes, we have the 
Pa mode carried by the open string, which is the selfdual string winding X5 
one time, carrying the transverse P4 momentum thus could also exist separately. The [1,2], 
• • •, [N — 1, N], [N, 1] P 4 modes can combine together to give a chargeless P4 mode as well, 
but it is not necessary anymore. 

2.3 The 5d U(N) massive (2, 0) tensor multiplet 

For N coincident M5 branes with the compactified £5, the Qd (2, 0) tensor multiplet could 
be decomposed into the zero mode and the KK modes. The zero mode is in 5d U(N) vector 
multiplet, while the KK modes are in 5d massive (2, 0) tensor multiplets. The point-like 
P5 mode (the DO brane) is the the superposition of the tensionless selfdual strings 
extending in, for example, the 45 plane, carrying the transverse momentum (P 4 ,P 5 ) with 
the same P5 but all P 4 . Corresponding, the 5c? (2, 0) tensor multiplet is then decomposed 
into the sum of the 4c? KK modes in U(N) vector multiplet, arising from the quantization 
of the above selfdual string states. 



and 




e R ± \n G Z > are different bases for the same Hilbert space. 
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Consider B^ v in 5c! U(l) massive (2,0) multiplet with mass I/-R5. B^ u satisfies the 
selfduality condition 

B^ u = 7T e tJ.uXpad X B pa (3) 



and the equation of motion 



2 

d x d x B^ v + ^B^ = 0, (4) 
where /x, v, X, p,a = 0, 1, 2, 3, 4 [llj. Do a further compactification on x 4 , 

B^ = J2e ikXi/R4 B<$. (5) 

k 

Due to (3), for i,j = 0, 1, 2, 3 and k <E Z, B^ could be expressed in terms of B^' thus could 
be dropped. We are left with a tower of the 4c! massive vector field A[ = b!£ satisfying 
the constraint 

<9Uf ) = (6) 

as well as the equation of motion 

d^A^ + ( * + = 0. (7) 

Each A) carries 3 degrees of freedom, the same as Bh . In 45 plane, the (n, 1) string carries 
the momentum (n/R^, I/-R5) thus gives the 4c? vector multiplet Al . All of the A^ are on 
the equal footing, which is consistent with the S-duality. To account for the P5 momentum 
m/i?5 with m > 1, we need (n, m) strings, so altogether, all (n, m) strings should be included 
to give the complete 6c! dynamics. Under the compactification on x 4 and 25, the 6d field 
B a/ 3 with a, ft = 0, • • • , 5 is decomposed into the 4c! KK modes (n/i? 4 , m/R 5 ) corresponding 
to the (n, m) string. Each KK mode gives a 4c? massive vector field Af 1 ' 17 ^, for which, the 
constraint and the equation of motion could be obtained by replacing R 5 and k in §f§ by 
R§/m and n. 

Extending the discussion to the nonabelian case is a little difficult, since we don't know 
the equations for the nonabelian tensor field. However, we do know that the (n/R^, 0) mode, 
which is the KK mode of the 5c! massless SYM field, is in 4c! adjoint massive vector multiplet. 
The rest (n/R^, m/R^) modes are related with (n/i? 4 ,0) via the S-duality, so they should 
also form the 4c! adjoint massive vector multiplet. The whole KK tower of the 4c! vector 
multiplet together may give the 6c! (2, 0) tensor multiplet in adjoint representation of U(N). 



3 Selfdual strings with the orientation covering a plane 
and the M5-D3 duality 

In this section, we will directly discuss the M5 branes and show that selfdual strings parallel 
to a given plane could offer the complete degrees of freedom on M5. The proposal is also 
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supported by the M5-D3 duality, in which, the KK mode of M5 on x<± x x 5 is dual to the 
(p, q) open strings ending on D3 winding the transverse x' 45 . When M5 branes are separated 
in 5d transverse space, on D3, 3-string junctions may form, which, in M5 picture, is the 
bound state of the unparallel selfdual strings. 

3.1 Selfdual strings parallel to the 45 plane and the momentum 
mode of M 5 on x 

In previous discussion, we have seen that selfdual strings extending along all possible di- 
rections in 45 plane may give the complete spectrum for a single 6d particle. The common 
eigenstates of Xi X 2 X 3 P 4 P 5 , 

A = {6( Xl - X 1 )8(x 2 - X 2 )5(x 3 - X 3 )e iP ^e iFkx ' l \\fX 1 ,X 2 ,X 3 ,P 4 ,P s } (8) 

may be the suitable bases, the superposition of which can give a 6d particle localized in 
(Xi, X 2 , X 3 , X4, Xs). Although the position eigenstates can also be obtained, the basic 
excitations are selfdual strings other than the particles. Since it is (Jlf other than 
the position eigenstates that is naturally realized, the KK modes in this theory may tell us 
more than the KK modes in theories with point-like excitations. 

Until now, our discussion is only restricted to coincident M5 branes. When Vij 7^ 0, the 
selfdual string carrying (P 4 ,P 5 ) momentum are massive. Consider the selfdual strings 
with the length and the orientation characterized by the vector (qR^pR^) in 45 plane, p 
and q are co-prime, so the selfdual string only winds x 4 x x 5 once. In 123 space, the string 
is localized at a point. The Wilson surface in x 4 x x 5 is trivial. Nevertheless, each 
string can still effectively pick up the background 2-form field P45 = /c/(27rP 4 P 5 ), VfcGN. 
Vm,n € Z, 3k,p,q, m = kq, n = hp. In 45 plane, the string will get the definite 

./ 71x4 171x5 \ 

transverse momentum (71/R4, —m/Rs), thus could be taken as the plane wave e R * R 5 . 
If the momentum in 123 space is (Pi, P 2 , P3), the energy will be 



E = JP? + Pi + Pi + 1 ^ 2 + 1 ^ + 4^K,f ( q mi + p3J2§), (9) 



since the selfdual string has the rest mass 2Tr\vij\y q 2 Rl +p 2 R 2 . 

Notice that there is an ambiguity for the mass of the zero mode in Ad. With k — 0, any 
(gP 4 ,pP 5 ) string can be the Ad zero mode with mass 2n\vij\^q 2 Rl +p 2 R 2 . However, the 
zero mode is unique. In the dual D3 picture, there are unwrapped (p, q) strings with the 
length \vij\. One may choose one possible (gP 4 ,pP 5 )/(p, q) as the zero mode. A particular 
S-frame is selected in this way, while in other S-frames, all (gP 4 ,pP 5 ) can get the chance to 
act as the zero mode. For the point-like excitations, the 5d momentum can uniquely fix the 
state; however, for the line-like excitations, with the given 5d momentum, the selfdual string 
orientations can still vary in a Ad space orthogonal to the momentum. If the selfdual string 
orientations are restricted to a plane, a one-to-one correspondence between the momentum 
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and state may be realized except for the momentums orthogonal to that plane. So, the 
fixing of the S-frame is necessary. As is shown in later discussions, the M5-D3 duality also 
intrinsically involves the selection of the S-frame. 

For M5 compactified on £5, the P5 zero mode should be the state with the zero momentum 
along x 5 , localized in 1234 space. Selfdual string extending along £ 5 is the only one meeting 
the requirement, and so, in Coulomb branch, the mass of the W-bosons is 2ir\vij\R 5 without 
the ambiguity. Notice that there is a distinction between the little string theory and the 
theory on M5 branes. For little string theory with £ 5 compactified, there are momentum 
mode and the winding mode. The momentum mode is carried by the closed string. Although 
the string has the finite tension, the mass of the momentum mode is still m/R 5 , because the 
string without winding £ 5 can shrink to point thus has the zero mass and has no contribution 
to the energy. On the other hand, for 6d (2, 0) theory with 25 compactified, the zero mode 
is the 5d SYM field. In Coulomb branch, the mass of the zero mode is 27r | iT^- 1 ^5 other 
than 0, since the zero mode is actually the selfdual string winding £5 once. There is no way 
to get rid of the lowest winding mode, because we do not have the closed charged selfdual 
string, while the straight selfdual string localized in 1234 space must extend along £5. 

The direct study of the 6d (2,0) theory is difficult. The £5 compactification will give the 
5d massive tensor multiplet, which is also not quite accessible. The 4d KK modes upon the 
compactification on £4 x £ 5 are relatively easy to study. Moreover, the previous discussion 
indicates that ^ might be the suitable bases to consider the 6c? theory, so in the following, 
we will focus on the 4d KK modes arising from the 6d theory. 

3.2 The M5-D3 duality 

Actually, M5 with £4 and £5 compactified in lid spacetime is dual to D3 with one transverse 
dimension £ /45 compactified in lOd spacetime. Just as M5 with £ 5 compactified in M theory 
is dual to .D4 in type IIA string theory with £5 being the M theory circle, M5 with £4 and 
£5 compactified in M theory is dual to D3 in type IIB string theory with £ /45 compactified. 
If the radii of £ 4 and x 5 are i? 4 and R 5 , the radius of £ /45 will be R' i5 = 1/ (2nR A T F i ) = 
I/^hR^Tdi)- The five transverse dimensions of Mb, x 1 , are dual to the rest five transverse 
dimensions of D3, x' 1 . I = 6 • • • 10. If the scalar fields on M5 branes get the vacuum 
expectation value $| with i = 1 ■ ■ ■ N, D3 branes will be separated along x' 1 with the 
transverse positions 

X? = 2ttR 5 $!/T f1 = 2irR l & i /T m . (10) 

£4 x £5 is dual to £ /45 . If the -B45 on M5 branes gets the vacuum expectation value B^i, D3 
branes will be separated along £ /45 with the transverse positions 

Xf 5 = 2nR 5 B 45l /T F1 = 27rR 4 B m /T m . (11) 

If the B^ for [i — 1,2,3 on M5 branes gets the vacuum expectation value B^ 5i , the gauge 
field A^, on D3 branes will get the vacuum expectation value 

A^i = 27rR 5 B fl5i . (12) 
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(12) indicates that the (0, 0) mode of M5 is dual to the (1, 0) string on D3 with the winding 
number 0. A particular S-frame is selected. 

For T-duality, Dp with the longitudinal x p compactified is dual to D p _\ with the trans- 
verse x' p compactified, with A p converted to X p , the momentum mode along x p transformed 
to the winding mode along x' p . For Mb, we have B^ v instead of A^, so two longitudinal 
dimensions £4 £5 are transformed to one transverse dimension x' 45 , while the (P4, P5) mo- 
mentum modes become the winding modes of the (p, q) strings along x' 45 for all co-prime p 

q- 

The M5-P3 duality requires that the both sides have the same degrees of freedom. 
Especially, the three vector fields and one scalar field on D3 are dual to the four 2-form 
fields on M5. The rest 2-form fields on M5 have no counterpart thus could be neglected. 
This is consistent with the self-duality condition on M5. Especially, for M5 compactified on 

B^(x 4 , x 5 , x) = 1 E e^/ R ^/ R ^Bfr m \x). (13) 

Z7TV-f<4-f<5 n ,m 

The zero mode has no winding number around x' 45 . B^'°\x) — > X 45 ^ 0,0 " 1 (x) , B^'°\x) — > 
A\°'°\x), where i = 1,2,3. The rest B^ ^ could be neglected. The bosonic degrees of 
freedom are 6 + 2 = 8. The higher mode has the nonzero x' 45 winding number, so there is 
no X 45 ( n - m ) for m,n ^ 0. B%' m \x) ->• A\ n ' m \x), where i = 1,2,3. B { £ m \x) together with 
y^(n,m) ^ gj ves 4 — 1 = 3 gauge degrees of freedom, so the total bosonic degrees of freedom 
are still 5 + 3 = 8. 

The (gi? 4 ,pi? 5 ) selfdual string on M5 is dual to the (p, q) string on D3. If x 4 and 
X5 are compact, x' A5 will also be compact, so even if S45 = 0, the covering space of x ; 45 will 
still have N coincident D3 branes distributed with the period 2ttR' A5 . Vz, j, we have the 
(p, q) string connecting the i t h and the jth D3 branes with the length 2nkR' i5 , corresponding 
to the (gi?4,pi?5) selfdual string coupling with the 2-form field -B45 = k/(2irR4R 5 ), 
getting the momentum (kp/R^, —kq/R 5 ). If the other transverse fields on D3 also get the 
vacuum expectation value, the mass of the (p, q) string will be 



which is the same as the energy of the {qR^pR^) selfdual string. 

The [kpj R4, —kq/R 5 ) momentum mode is dual to the (p,q) string winding x 145 k 
times. The (p, q) string with all possible winding numbers gives a 5d SYM theory whose 
basic excitations are (p, q) strings. In this way, the Ad KK modes are equivalent to a series of 
5d SYM fields labeled by (p, q) with p and q co-prime. The (p, q) 5d SYM fields, when lifted 
to 6c?, are translation invariant along the (qR^pR§) direction. They are the fields related 
with the (qR4,pR 5 ) selfdual strings. With all (p, q) included, the selfdual string orientation 
then covers the whole 45 space. 
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3.3 The 3-string junctions on D3 and M5 

When Vi = 0, all D3 branes are separated along a straight line, so the possible BPS states 
are still the original 1/2 BPS states. To get the new states, the vacuum expectation values 
of the five scalar fields on M5 branes must be turned on. In D3 brane picture, _D3's then 
appear as N arbitrary points in the 5c? transverse space orthogonal to x' 45 . The only possible 
new BPS states are 1/4 BPS 3-string junctions, which are also the bound states of the 
(p, q) string and the [j, k] (r, s) string. On M5 side, the 3-string junction is the bound state 
of the [j,k] selfdual strings each carrying the transverse momentum (kp/R^,—kq/R 5 ) 
and (hr/R 4 , -hs/R 5 f\ 

We are interested with the N coincident M5 branes, since in that case, the states can 
be massless in six dimensional sense thus will contribute to the entropy. We have seen that 
the bound states of the KK mode cannot give the new degrees of freedom, but we haven't 
considered the bound states of the KK mode and the zero mode, which, for example, can be 
taken as the tensionless (0, R5) string. In D3 brane picture, that is the massless 
(1, 0) string, which may form the 1/4 BPS threshold bound state with any [j, k] (p, q) strings 
with the length 2nkR' 45 . In 6d, they are the (0, R5) and the [j, k] (qR^pR^) tensionless 
selfdual strings located at the same point in 123 space. The former has the zero momentum 
in 45 plane, while the later carries the transverse momentum (kp/R^, —kq/R^). A potential 
problem is that the threshold bound state may decay. If they do decay, then there will be 
no three indexed BPS states on M5. 

4 The interaction of the 6d (2, 0) theory seen from its 
KK modes on X4 x x§ 

We now turn to the 6d (2, 0) theory on M5 branes. The 3-algebra valued (2, 0) tensor 
multiplet with the constant vector proposed in [H] is the natural framework to describe 
the selfdual strings. Selfdual strings parallel to the 45 plane give the fields f{e){x^) with 
C fl (9)d tJ, f^- ) (x fl ) = for Cn(9) = cos 95* + sin98^, which altogether are equivalent to the 6d 
field. f(6){%n) is m the adjoint representation of U (N). Couplings like Trf/^) • • • f(e n )] do not 
exist unless 9\ = ■ ■ ■ = 9 n , because the bound state of two unparallel selfdual strings is the 
string junction other than another selfdual string. The quantization of the 3-string junction 
gives the (2, 1) multiplet g{e 1 ft 2 fi 3 ){ x n) in N x N x N and N xN xN representation of U(N), 
which may couple with the vector multiplet f(o)( x n) as l° n g as 6 1 = #i, 9 2 , 9 3 . On coincident 
M5 branes, g(8 1 ,e 2 ,9 3 )( x fj,) reduces to g(0)(xp) subject to the constraint C fl (9)d^g(e)(x fJi ) = 0, 
giving a 6d field. 

4 See f° r another discussion of the string junctions on M5 and DA. 
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4.1 6d field decomposed into the ^-parameterized hd fields 

Recall that in [9], the equations of motion for the 3-algebra valued (2,0) tensor multiplet 
involve a constant vector field C M , where fi = ■ ■ ■ 5, giving a direction along which all of 
the fields are required to be translation invariant. The theory with the fixed describes 
the selfdual string extending along it. The self dual string has the zero momentum along C M 
but may get the arbitrary momentum along the four transverse dimensions, so the theory 
describing it is just the 5d U(N) SYM theory, which is the reduction of the 6d (2,0) theory 
along Cfj,. Moreover, as the zero mode along C M , the field configurations of the hd SYM theory 
on R A should carry the zero instanton number (Pontryagin number) thus are topologically 
trivial on the equivalent S 4 . To recover the full 6c? theory, we need the selfdual strings with 
the orientations covering all directions in a plane, which, for definiteness, is taken as the 45 
plane. Correspondingly, C M is replaced by C^{9) = cos 05* + sm05^, while the original fields 
/(Xfj) now become f(9, x M ) still with the constraint C M (6 I )(9 M /(6 I , x M ) = 0, giving rise to a 6d 
field. 

Suppose the U(N) 6d (2, 0) tensor multiplet field configuration is given. For simplicity, 
consider the scalar fields X 7 (x m , x 4 , 25), where m — 0, 1, 2, 3, / = 6, 7, 8, 9, 10. 

J dxe X I (x m , cos 9x0 + sin Oye, — sin Oxg + cos Oye) = $ 7 (x m , 9, ye) (15) 

is the scalar field in the 5d SYM theory related with 9. X 1 and have the scaling dimensions 
2 and 1 respectively. $ 7 is the zero mode of X 1 along 0^(9). Also, notice that 

J dxgdyo X I [x m , cos 9xq + sin 9ye, — sin 9xq + cos 9yg) = (p 1 \x m ) (16) 

is independent of 9. (p 1 is the zero mode of $ 7 (i m , 9, ye) in the 4<i spacetime. All of the 5<i 
SYM theories share the same zero mode in 4c?, because the 6c? theory has the unique zero 
mode in Ad. The vector field A and the spinor field r] with the scaling dimensions 1 and 3/2 
in 5d SYM theory could be constructed in the similar way from the 6d 2-form field B and 
the spinor field ^ with the scaling dimensions 2 and 5/2. Since the integration is carried 
out along a particular direction, more precisely, the original scalar fields, 2-form field, and 
the spinor field are converted into the vector fields, vector field, and the spinor-vector field 
respectively. 

One may also want to reconstruct X 1 from $ / . 

X\x m , x 4 , x 5 ) = J dp 4 dp 5 e 4(p ^ 4+P5a;5 V( P4 , P5 )(^). (17) 

If £4 and £5 are compact, p 4 = kp 4 / R 4 , p$ = —kp 5 /R 5 , (^4,^5) is the co-prime pair, 

X (x m ,x 4 ,x 5 ) = J! zl e * ~ Rr ~~ ar V(fti#5j*)(^m) = $ {x m ,p 4 R 5 x 4 -p h R 4 x 5 ). (18) 

(P4>P5) k (Pi,P5) 

$ / (x m ,P4-R 5 X4 — p 5 R 4 x 5 ) is the discrete version of $ 7 . In continuous limit, 

A / (x m ,x 4 ,x 5 ) = J d9dp e p e e^-^ exi+cosdx ^^\ e . pe) {x m ) = J d9 ¥{x m , - sin0z 4 + cosfe 5 ). 

(19) 



14 



However, $ J is not the <3> 7 in (15). The latter is 



$ 7 (x m ,-sinto4 + cosfe 5 ) = J dp 6 ^- s ^ 6x ^ cos6x6 H\ e , p$) {x m ) (20) 

with pg left out in the integral. X 1 is only the direct superposition of $ 7 (6*), which is not the 
zero mode in C M (0) direction. Nevertheless, {$ 7 (6») | V6» G [0,tt)} and {V(6») | V6» G [0,tt)} 
are equivalent bases, so it is indeed possible to reconstruct X 1 from $ J . 

4.2 The coupling of the selfdual strings and the 3-string junctions 

We now have a series of ^-parameterized 5c? U(N) SYM theories, which is effectively a 6c? 
theory with 5 scalars, 3 gauge degrees of freedom and 8 fermionic degrees of freedom. It 
may at least exhaust the 1/2 BPS field content of the 6c? (2, 0) theory. The next problem is 
the interaction. Fields belong to the same 5c? SYM theory have the standard SYM coupling 
among themselves. It is also necessary to consider the couplings involving fields in different 
5c? SYM theories. Actually, the 6c? SYM theory could also be decomposed in this way, while 
the local interactions in the original 6c? theory induce the couplings among the 5c? theories 
labeled by different 6. 

To see this coupling more explicitly, we'd better decompose the 6c! fields into the 4c! KK 



modes. For scalars, the decomposition is as that in (17). Similarly, for the 6c! SYM fields 
such as the scalars Y L (x m , £4,0:5), L = 6, 7, 8, 9, there is also 

Y L (x m ,x 4 ,x 5 ) = J dp 4 dp 5 e l(p ^ +p ^rf Pi , P5 )(x m ). (21) 

The two-field coupling Y L Y L ' gives 

c!x 4 c!x 5 YgY? = J dpidp 5 ^ 4 ,p 5 )ij{xm)V{L p ^ Ps)ji {x m ), (22) 

the three-field coupling y l Y l 'Y l " gives 

J dx 4 dx 5 Y^Y^Y^" = J d Pi dp 5 dq 4 dq 5 ^^^ 6 )y(^m)^4,9 B )ifc( x ™)^H»4-«,-P6-«)w( a; ™)' 

(23) 

and similarly for the n-field coupling. In the dual D3 brane picture, </^ 4 P5 )ij(%m) corresponds 
to the F-string connecting the i t h and the j t h D3 branes represented by the vector (p4,ps) in 
transverse space. The above coupling is possible because the bound state of the (^4,^5) 
F-string and the [j, k] (q^, q^) F-string is the [i, k] (p 4 + q^p^ + q^) F-string. The conclusion 
also holds in Coulomb branch. fu^Mj (%m) then corresponds to the F-string represented by 
the vector (]?4,P5, t^-) in transverse space. 

{Pi,P5,Vij) + (q4,q 5 ,v jk ) = (p 4 + g 4 ,P5 + qb,v ik ). (24) 

On the other hand, for fields in tensor multiplet, such as X 1 , the two-field coupling X I X 1 ' 
is indeed 

J dx A dx 5 XfjXj'i = J dp 4 dp 5 0[ P4 ,p 5 )i j (^m)0 / lp 4 ,_p 5 ) i i(a;m), (25) 
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but the three-field coupling and the n-field coupling cannot take the similar form as (23). On 
D3 branes, 4>{p 4 ,p 5 )ij(%m) corresponds to the (p 4 ,p 5 ) string 5 When (p 4 ,p 5 ) oc (94,95), 
the bound state of the [i, j) (p4,Ps) string and the [j,k] (94,95) string is still the [i, k] (p^ + 



94,P5 + 95) string, so, the coupling like (23) is possible. 4>l P4 , P5 )ij{x m ) and <P( qi , q5 ) jk (. x ™) belong 
to the same 5d SYM theory with 6 = — arctan(p 4 /p 5 ). However, for unparallel (^4,^5) and 
(94,95), the bound state will be the 3-string junction other than the single string The 
similar problem also exists for the 5d massive tensor multiplet. The KK modes in 4d could 
be represented by the (p 4 ,Ps) strings with the fixed p 5 but all possible p 4 . (^4,^5) and 
(P4,Ps) are n °t parallel unless p^ = p' A . So, if we concentrate on a single kind of the selfdual 
strings, the theory will be the 5c? SYM theory; if we consider the selfdual strings with the 
different orientations, the theory will involve the tensor multiplet, for which, the interaction 
is not the standard SYM type. 

Then the problem reduces to the coupling between (^(pi^ij^m) and 4>{ q4 q5 )jk( x m) for 
the unparallel (p4,ps) and (94,95). The bound state of the (^4,^5) string and the [j,k] 
(94,95) string is the 3-string junction other than the traditional [i,k] (Pt,P 5 ) string. Unlike 
the 6d SYM theory, we now get more states and should also quantize them. A given 3-string 
junction is characterized by the charge vector v e = (r 4 , s 4 , t 4 ) and v m = (r 5 , s 5 , t 5 ), for which, 
no common divisor exists, r s t are related with the i j k branes, while the rest N — 3 branes 
are neglected. 

r 4 + s 4 + t A = r 5 + s 5 + t 5 = 0. (26) 

In x 45 , vfj = 2nkR' 4:5 , vffc = 2-nhR'^. In transverse space, we may also have Vij and Vjk, 
which will make the string junction massive. The total momentum of the 3-string junction 
is 

(td td\ Mi-hU -kr 5 + ht 5 

(P 4 ,P 5 ) = ( ^ , ^ ) = (P4 + 94,P5 + 95)- (27) 

where (p 4 ,Ps) = {krj P 4 , -kr 5 / R 5 ) = (kpj P 4 , -kp 5 / P 5 ), (94,95) = {-hU/R 4 ,ht 5 /R 5 ) = 
(/194/P4, —hq 5 / P 5 ). p 4 and p 5 , 94 and 9s are not necessarily co-prime now. For (^4,^5) oc 
(94,95), (Pi, P5) oc (94,95) oc (p4,P5), while for the unparallel (p 4 ,Ps) and (94,95), k and h 
may generate two dimensional momentum. Especially, if the SL(2, Z) invariant intersection 
number [16J / = tsr 4 — t 4 r 5 = ±1, (P 4 ,P 5 ) can cover all of (n/P 4 ,m/P 5 ); otherwise, it can 
only cover (nl / R 4 , mI/R 5 ). We will use (p 4 ,Ps), (94,9s) and (P 4 ,P 5 ) to denote the 3-string 
junction. When P 4 , P 5 — > 00, P4/P5 is indefinite, so the 3-string junction is denoted by 
(#1, #2, 6*3). For the given Vy and Vjk, the 3-string junction exists only when (P 4 , P 5 ) satisfies 
some particular condition 

h(p 4 ,p 5 , q4 , q5 ,ij tJ ,ij Jk )(PA, P5) > 0, (28) 

so the 3-string junction cannot have the arbitrary momentum in 45 plane. The selfdual 
string in 45 plane can only carry the Id transverse momentum. Here, the bound state of two 



5 More accurately, it is the [i, j] (p4,p5) string winding a/ 45 k times. P4 = kp^/R^, p$ — —kp^/R^, p4 and 
p5 are co-prime. For simplicity, we just denote it by (^4,^5). 

6 The bound state exists only when the [j, k] strings have the suitable mass. Here, we just assume so. 
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unparallel selfdual strings can carry the 2c? momentum, but this momentum cannot cover 
the 2d space. 

Fields arising from the quantization of the 3-string junctions can then be denoted by 
4>{r,0;P A ,p 5 )ijk{ x m) or <P{8 1 ,e 2 fi 3 ;P i ,p 5 )ijk{.Xm) in decompactification limit, f+s + t = 0. The 
corresponding 6c? field is 



or 



^(f,s,t)ijk( X m, #4, x b) — E e ^ P4X4+P5X ^0(r,s,t-,P 4 ,P 5 )ijk( X rn), 

P4,P 5 

X(e 1 ,e 2 ,e 3 )ijk(x rn , x^ x^,) = J dP^dP^ e l ( p ± x *+ p s x $) ] (fr^fafiziP^p^ijki 



x t 



(29) 



(30) 



In polar coordinate, (30) could also be written as 



X(e 1 ,e 2 ,e 3 )ijk(x m , 9, p) 



In terms of k and h, (29) becomes 



X, 



(r,s,t)ijk\ X rn} %4, %5j 



k,h 



(r,s,/^A;,/i)ijfc 



Xrn) • 



(31) 



(32) 



In ((29])-(j32j), (P 4 , Ps) is in the range specified by ([28]) . 

With the fields related with strings as well as the string junctions, we can consider the 
possible couplings among them. First, the bound state of the (r 4 , r 5 ) string and the [j, k] 
(— £ 4 , —£ 5 ) string, or the [j, k] (s 4 , s 5 ) string and the [k, i] (— r 4 , — r 5 ) string, or the [k, i] (£4, £5) 
string and the [i, j] (— S4, — S5) string is the [i, j, k] 3-string junction with v e = (r 4 , S4, £4) and 
v m — ( r 5; S5,£s). The momentum of the 3-string junction is the sum of the two individual 
strings. 2 + 2—7-3. 



(-t 4 ,-t 5 ;h)jk{ X m) ~ <P \^S ) t-,k,h)ijk\ Xm > 



$(s4,S5;h)jk O^m 



r4,— rs;— k— Kjkiv^m 



X m ) ~ 



, (f',s,t;A,ft)i3fcl* l '»n-j3 



(i4>t5; _ fc _ h ) fci (x m )0 / ( _ S4i _ S5 . fc)ij (x m ) ~ (t>'[^t;k,h)ijk( Xr 

which could be derived from the coupling 



(33) 

(34) 
(35) 



dx^dxz, X(j.^ rs ^ij{x m} X4, x$)X (_t 4> _t s -)jf.(x m: £4, x^)X ,^g^^ k {x m} X4, X5), (36) 



with 



X(r 4t rg)ij (^mi 3'4) j 
X(~t4„~t 5 )jk( X mi X4, £5) 



E 



h 



(ri,rs;k)ij \X m )i 
< P(-t i -t 5 ;h)jk(x m ). 



(37) 
(38) 
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Next, consider the bound state of 4>( U4! u 5 ;g)ii( x m) or 4>( U4 , Us --g)u(x m ) and 4>'^ g ~ kA) . jk (x m ). If 
(it4, W5) = (r 4 , r 5 ) or (w 4 , w 5 ) = (— r 4 , — r 5 ), the bound state will still be the 3-string junction 
st-k+g h)ijk( Xm ) ' 2 + 3—7-3; otherwise, it is a 4-string junction, 2 + 3 — >• 4. The situation 
is similar if % is replaced by j or fc. The 2 + 3—7-3 type relation may give the couplings like 

^li^ijk-^-ljki ^il^ijk^-ljki ^U^ijk^kn^-ljn (39) 

and so on. 

The 2 + 2— t-2, 2 + 3— t-3 couplings could be realized as the matrix multiplication. 
Moreover, they can also be visualized as the junction of two 2-boundary-M2's and the 
junction of one 2-boundary-M2 and one 3-boundary-M2 respectively. Therefore, they are 
more reasonable than the couplings like 2 + 2—7-3 and 2 + 3—7-4. 



4.3 The multiplet structure of the 3-string junctions 

We now have two sets of fields f^r^ij i x mi x ±-> x s) an d 9(^g,t)ijk( x m, x 4, £5), or alternatively, 
f(e)ij( x m,a,p) and g(e 1 ,e 2 ,e 3 )ijk( x m, «, p)- f{r 4 ,r s )ij( x m, x 4, x 5) is translation invariant along 
the (r 5 i? 4 , r 4 i? 5 ) direction. It is the previously discussed field satisfying the constraint 
0^(9)8^ ff0)ij(x m , a, p) = 0. On the other hand, g(e 1) e 2 ,e 3 )ijk( x m, a, p) is a 6c? field without the 
constraint^} f(e 1 ), f\e 2 ) an d f(o 3 ) may couple with each other through g(e 1 ,e 2 ,e z )- 

f(e)ij is a vector multiplet composed by the scalars the vector and the spinor 
77(0) with the scaling dimensions 1, 1 and 3/2 respectively, coming from the C^O) direction 
integration of the scalars X 1 , the 2-form B^ v and the spinor \1/ with the scaling dimensions 
2, 2 and 5/2. As a 6d vector, C fl {e)A {e) ^ = 0. 

The field content of g(8 l ,e 2 ,e 3 )ijk can be reconstructed from the Ad KK mode. The KK 
compactification of g(e 1 fi 2 fi- i )ijk on x 4 x x 5 gives the Ad field (fri^gfip^PsMjki which, in 4c? SYM 
theory, is related to the 3-string junction with the charge vector v e = (7-4, s 4 ,t 4 ) and v m = 
(r 5 , s 5 , t 5 ), having the total mass P 5 and the total electric charge P 4 . The multiplet structure 
°f < ^(r,s,fP4,p 5 )ijfc is ^4 ® Vi n , where V4 is the vector supermultiplet coming from the free 
center-of-mass part, Vi n is the internal part determined by v e and v m . For v e = (r 4 ,s 4 ,t4), 
v m = (1, 0, -1), V in = [\s 4 \/2] © [|s 4 |/2 - 1/2] © [|s 4 |/2 - 1/2] © [|s 4 |/2 - 1], giving a total of 
4|s 4 | states [14J. As the string web, it has E ext = 3 external points and Fi nt = |s 4 | internal 
points [16]. If 4>(f;g,t;P4,Ps)ijk is lifted into the Qd field g^g^ ijk , V 4 © V in will become T 6 © V in , 
with T 6 the tensor supermultiplet from the center-of-mass part. So, g^^.^ijk ^ least contains 
a tensor multiplet factor. 

It is difficult to determine Vi n in decompactification limit. The simplest situation is 
1 54 1 = 1 with one internal point, and then V in = [1/2] © [0] © [0]. Recall that for 1/2 BPS 
states with the degeneracy of 2 4 , we have the 6d (2, 0) tensor multiplet T 6 , whose KK modes 
along £5 are the 5c? massless vector multiplet V5 and the 5c? massive (2, 0) tensor multiplets 
T 5 . The KK modes of V5 and T 5 on x 4 are the 4c? vector multiplets V4. The massless limit 



7 ( 28 ) gives a restriction on the range of k and h in (32 1. Especially, if k — or h — 0, g(e 1 ,e 2 ,e 3 )ijk is also 
translation invariant along one direction, as we will see later. 
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of the 5c? massive tensor multiplet is the 5d massless vector multiplet. For 1/4 BPS states, 
in Ad, we get V 4 © ([1/2] © [0] © [0]). The V A © [1/2] part gives 



3 


3/2 


1 


1/2 





-1/2 


-1 


-3/2 


Degeneracy 


1 


4 


7 


8 


7 


4 


1 



which, when combines with the rest two V4, could be organized into 1 spin-3/2 fermion, 6 
vectors, 14 spin-1/2 fermions and 14 scalars, forming the massive representation of the 4g? 
M = 4 superalgebra with 2 6 states. In massless limit, the bosonic part of V4©([l/2]© [0] ©[0]) 
is composed by 6 vectors and 20 scalars, with each vector containing two degrees of freedom. 
V A , when lifted to 5d with P 5 = or P 5 ^ 0, becomes V B or T 5 . The lifted V 4 ©([l/2]©[0]©[0]) 
could be naively denoted by V 5 © ([1/2] © [0] © [0]) and T 5 © ([1/2] © [0] © [0]), which are all 
complex now. Actually, one V4 © ([1/2] © [0] © [0]) only gives the 3-string junction with one 
possible orientation; if the other orientation is taken into account, we will also get 2 6 x 2 = 2 7 
states. The field content of V5 © ([1/2] © [0] © [0]) could be organized into 1 spin-3/2 fermion, 
6 vectors, 13 spin-1/2 fermions and 14 scalars, while the field content of T 5 © ([1/2] © [0] © [0]) 
could be organized into 2 selfdual tensors, 1 spin-3/2 fermion, 4 vectors, 13 spin-1/2 fermions 
and 10 scalars. T 6 © ([1/2] © [0] © [0]) and T 5 © ([1/2] © [0] © [0]) have the same field content, 
forming the 6d massless (2, 1) multiplet and the 5d massive (2, 1) multiplet respectively. 
The 5d massive selfdual tensors and the 5d massive vectors, containing 3 and 4 degrees of 
freedom, become the 6d massless selfdual tensors and the 6d massless vectors, still with 3 
and 4 degrees of freedom. 

T 6 © ( [1 /2] © [0] © [0] ) compactified on x 5 gives V 5 <g> ( [1/2] © [0] © [0] ) and T 5 © ( [1 /2] © [0] © [0] ) , 
which, when further compactified on x 4 , becomes © ([1/2] © [0] © [0]). Just as V 5 is the 
massless limit of T 5 , V5 © ([1/2] © [0] © [0]) could also be taken as the massless limit of 
T 5 © ([1/2] © [0] © [0]). The 2 massive 5d selfdual tensors become 2 massless 5d vectors, while 
the 4 massive 5d vectors become 4 massless 5d vectors plus 4 scalars. T 6 © ([1/2] © [0] © [0]), 
T 5 © ([1/2] © [0] © [0]) and V 5 © ([1/2] © [0] © [0]) are all complex, so the total states for each 
are 2 7 other than 2 6 . Each multiplet will form the NxNxN 01 NxNxN representation 
of U(N), so they cannot be real, as the fields in adjoint representation do. 

4.4 The coupling among the vector multiplet and the (2, 1) multi- 
plet 

9(Oi,e 2 ,0 3 )ijk is the (2,1) multiplet composed by the scalars X(e u g 2t o 3 ), the vectors V[e 1 ,e 2 ,e 3 )i 
the 2-forms B^^^), the spin-1/2 fermions ,6*2,6*3) an d the spin-3/2 fermions ^(6»i,e 2 ,e 3 )- 
In principle, the Qd (2, 0) theory can only contain the (2, 0) tensor multiplet, but now, the 
(2, 1) multiplet is also added. There will be the couplings between the (2, 1) multiplet and 
the vector multiplet arising from the reduction of the tensor multiplet along a particular 
direction. The incorporation of the (2, 1) multiplet into the scattering amplitude is also 
discussed in [15] for M5 compactified on S 1 . It was shown that the BB'A coupling is one 
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of the possibilities. B and B' are the 2-forms in 5d massive (2, 1) multiplet, while A is the 
zero mode vector in 5d. In the following, we will only discuss X, B and \I/ with the scaling 
dimensions 2, 2, 5/2 respectively, neglecting V and rj. The transverse indices of X, B and 
\1/ are dropped for simplicity, although X, B and \l/ are not the R-symmetry singlet. 

Let us consider the possible dimension six couplings for these fields. For two-field cou- 
plings, there are 

OXdX, dX ieu02! g 3) dX* {eM3) , ^d^, $ ' {6l ,e 2 ,e 3 ) d ^ \$ifi*fi*), dBOB, dB {ei! e 2 ,e 3 )dB* {eiM3) . 

(40) 

X \1/ B compose a 6d (2,0) tensor multiplet in adjoint representation of U(N), which is 
equivalent to $(#) A^ rj^ with all 6 included. We do not have terms like XijX'^X'^, but 
the two-field couplings like XijX'^ are allowed. The tensor multiplet representation works 
well in free theory. The possible three-field couplings are 

Ae a X(e u 2je3 )dX* di)e2>d ^, AeJ$> (01,02,03)^(01,02,03); $0^(01,02,03)^(01,02,03); A e a B^ lie2: 3 )dB* {diJ)2 ^, 

(41) 

where a = 1, 2, 3. The possible four-field couplings are 

A?„ ^(01,02,03)^06 -^(01,02,03)) ^"(01,02,03)^6^(01,02,03)! 

A e a -8(01,02,03) ^06 5 (*0l ,0 2 ,0 3 ) ' B(8! ,0 2 ,03 ) ^06 S (0l ,0 2 ,0 3 ) ' ( 42 ) 

with a, 6 = 1, 2, 3. Based on the above couplings, the nonabelian generalization of H^ uX can 
then be defined as 

Hijk = dBijk + A\ A 5^ + A™ A -Bjm/c + A£ A -B i;?Tl , (43) 

With if ~ ^(0i,0 2) 03)/^A, ^ ~ ^(0l)Mf ~ ^(02)^' ^fc ~ ^(W*^ 5 ~ 5 (0i,02,0 3 )^- 

Fermions may get mass through the Yukawa coupling $0 a ^ / (0 1 ,0 2 ,0 3 ) v I / (0 1 ,0 2 ,03)- In order 
to compare with the 3-string junctions in Ad SYM theory, we will use (f,s,i) instead of 
(6>!, 9 2 , 9 3 ). Consider ^^g^ij k and $[^.; m ) A1 - The vacuum expectation value of X 1 is X( m = 
v^im, then the induced vacuum expectation value for $ z is ^\^i m ^ = u^v^im- Similar 
with the equation for fermions in [9], 

t»d^ a + x^ B r u r^ D f CDB A = o, (44) 

we may have 

^r°r A T 7[<l[^ )At \I> \r,g,t)ljk + ®{s;jl)^ (r,s,P)ilk + ®(t;kl)fJ^(r,s,t)ijl) 

= ir°r*Tj(fX + + fX)*(f,s;t>i* = M %*, t -)y fe , (45) 

where in the last step, we assume \lV mn = for l,m,n i,j, k so that \I/ is a generator with 
the index [i,j,k]. 

M = iV^Vjir^ - t,v] k ) = *r°rT 7 (s>i - r„t&) = iT^T^t^ - s>J). (46) 
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The k] (r,s,t) string is the bound state of the (r) and \j,k] (—i) strings or the 
\j,k] (s) and [k,i] (— r) strings or the [k,i] (t) and (— s) strings. In (46), the mass of 
the bound state is expressed in terms of the component strings. f 4 = 2irr 5 R 4: , f 5 = 2nr 4 R 5 , 
f M = 0, for /i = 0, 1, 2, 3, so 

zr°rT 7 7>/ = ir°r 4 r / 27rr 5J R 4 ^ + iT^T^Trr^vl (47) 

and similarly for s M and t^. As a result, 

m = 2r r 4 r 7 (f 4 ^ + hv* + hv{) + iv^v^hvl + hv* + hv{) = iv^TjQ^ + *r°r 5 r 7 Q^. 

(48) 

where Q E and Q ! M are the electric and the magnetic charge vectors in 4d SYM theory. 

M 2 = \Q E \ 2 + \Qm\ 2 + TjTjT^iQi.Qi - Q J M Q E ). (49) 

The third term is a matrix, nevertheless, 

'[TjTjT^iQijQi - Q J M Q E W = 2\Qe x Qm\ (50) 

The above result can be compared with the mass of the 3-string junctions in 4d SYM theory, 
which is 

Z\ = \Q E \ 2 + \Qm\ 2 + 2\Q E x Q M \. (51) 
The mass term together with i^ + T gives the energy 

e = r i>" + zr°r 4 rvQ^ + ir°r 5 rjQ^ (52) 

where \i = 1, 2, 3, 4, 5, T+ = -T M . 

£ 2 = bl 2 + \Qe\ 2 + IQa/I 2 + r^r^r 5 ^^ - q j m q e ) + ^r^V + q t eP 5 ). (53) 



(53) can be rewritten as 

E 2 = PaPa + (QeQe + QflQfl) + (QeQe + QmQm) 

+ T I TjT 4 T 5 (Q I M Q E - Q J M Q E ) + 2iT I (Q 4 iQ I M - Q E Qt), (54) 

where a = 1, 2, 3. Q A E = //, = —p 5 . p 4 and p 5 enter the energy formula as another 
charge vector Qf| and Q'm- p 1 , p 2 and p 3 appear as the normal transverse momentum. In 
4d SYM theory, with vf 5 and v\ turned on, the energy of the 3-string junction carrying the 
transverse momentum (p 1 , p 2 , p 3 ) is consistent with (54). The above result can be compared 
with the 6d SYM theory, for which, 

E = T T^ + T T I v I tJ} (55) 

so 

E 2 = Pf.Pt, + v^vfj, (56) 
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which is the energy of a particle with the rest mass yvfjvfj carrying the 5c? momentum 
Now, we have different Dirac operator, giving rise to a dispersion relation different from the 
standard \/m 2 + p 2 type. \fm? + p 2 is the dispersion relation for a Lorentz invariant theory. 
The 3-string junctions breaks the SO(5, 1) symmetry into £0(3, 1). 

An-i 6d (2, 0) theory compactified on a Riemann surface T, g with the genus g > 1 could 
be decomposed into the T N part and the In part. Each T N part has the SU(N) 3 symmetry, 
while each In part gives a SU(N) gauge group [24, 25J. Still, there are two sets of fields 
with the index [i,j, k] and which may couple with each other, quite like what we have 
discussed above. This is not accidental. The 3-string junction on D3, when lifted to M 
theory, corresponds to M2 with three boundaries, which may be denoted by M2(Ci, C 2 , C 3 ), 
with Ci ~ r , C 2 ~ s, C 3 ~ t [26]. M2 with two boundaries is M2(C). M2(Ci, C 2 , C 3 ) 
and M2(C) may couple at the boundary as long as C = C±, or C = C 2 , or C = C 3 , 
while the product is still M2(Ci, C 2 , C 3 ). Likewise, the T/y part of the Riemann surface 
offers the nontrivial 1-cycles [d], [C 2 ], [C 3 ] for M2 to end. [Ci] + [C 2 ] + [C 3 ] = 0. Each 
Af2([Ci], [C 2 ], [C 3 ]) can only couple with the adjacent Af2([C 1 ]) > M2([C 2 ]), and M2([C 3 ]). 

The S g theory has 3(g — 1) SU(N) gauge groups associated with the 3(g — 1) 1-cycles. 
Similarly, the 60? (2, 0) theory may contain a series of SU(N) groups associated with the 
selfdual strings labeled by 9. A different way to decompose E 9 will give a different set of 
3(g — 1) 1-cycles, for which, the corresponding Ad theory is S-dual to the previous one. 
Likewise, selfdual strings parallel to a different plane may give a different 60? theory which 
is U-dual to the original one. The situation is different for the 6d SYM theory, in which, 
there is only one gauge group. Even if the 6d SYM theory is compactified on a Riemann 
surface with g > 1, there is still only one gauge group, while the resulting 4c? theory is unique 
without the dual version. The reason is that the basic excitations on M5 is line-like, while 
the basic excitations on D5 is point-like. M5 compactified on E 5 has the richer structure 
than D5. 



4.5 The situation on coincident Mb branes 



In above discussion, we didn't pay too much attention to the condition (28). For the given 
vj and (r,s,t), the allowed (P4, P5) are not arbitrary. Especially, when v\j = 0, Vz,j, no 
(P 4 , P 5 ) can satisfy (28 ). Nevertheless, when P 4 = or P 5 = 0, the equality can be saturated, 
while the bound states are at the threshold or just decay. If they do not decay, then (31) 

d Pdl e^^- fll V(e 1> fc,fc^,o)i;fc(zm) (57) 



and (32) should be replace by 

X(0i,82,e 3 )ijk(%m, sin(0 - 9 1 )p) = sm(9 2 - 9 X 
and 



X 



(r,s,i)ijk 



[x m , r 4 x A R$ - r 5 x 5 RA 



J2 e^^c 



\r,s,t\k,Q)ijk\ X m)- 



(58) 



(57) and (58) are translation invariant along the 9\ direction and the (r 5 R4,r 4i R 5 ) direction 
respectively. They are the zero mode of the original 6c? field (31) and (32) along the 9i and 
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the {r^R^r^R^) directions. 4>^g t t]k,o)ijk( x m) is 

the 4c? 1/4 BPS field in V 4 <g> V in multiplet. 
Summing over all possible k will give a 5d field in V5 <S> Vin multiplet. (57) and (58) are in 
the V 5 ® Vi„ multiplet. They are actually the bound state of the (r 4 ,r 5 ) string with 
momentum (fcr 4 /i? 4 , —kr 5 /R 5 ) and the [j,k] (— t 4 , — £5) string with momentum (0,0). As is 
mentioned before, the 4c? (0, 0) mode of the 60? field is unique, so (— 1 4 , — 1$) should be fixed, 



while the field in (57) and (58) could simply be denoted by X^ijk(x m , sin(9 — 0i)p) and 



(rjijk 



, r 4 x 4 i?5 — r 5 X5-R 4 ). Although Xm^^ or X^j k is a 5c? field, with all 9\ or (r 4 ,r 5 ) 



included, the 6c? field can be recovered again. 



0(?;k)ijk{ x m)(p{r ; g)li( x m) ~ 0'(r;k+g)ljk( X m) ■ 



(59) 



X{f)ijk or X^ijk can only couple with X(^^ or X^)^. Both of them are translation in- 
variant along the same direction, so the coupling is still 5 dimensional. Now, we have 
fij(9,x^) together with gijk(9,x^) subject to the constraints 0^(9)8^ (9, x^) = and 
C^(9)d tJ, gijk(9,x fJi ) = 0, giving rise to the 6d fields. Fields related with different 9 cannot 
couple with each other. It must be admitted that such scenario is not quite interesting. 



5 The momentum- carrying BPS states in 5d SYM the- 
ory 

Until now, all of the discussions are carried out in 6d theory's framework, in which the KK 
modes are fields. The 6d tensor multiplet field compactified on 25 gives the 5d massless 
vector multiplet field and a tower of 5d massive tensor multiplet fields. As the zero mode, 
the 5c? SYM field must have the vanishing Pontryagin number. However, the generic configu- 
rations of the 5c? SYM theory on R 4 can carry the arbitrary Pontryagin number k, while the 
quantization of the configurations with the nonzero k gives the 5c? massive tensor multiplets. 
So the full 5c? SYM theory contains the complete KK modes and may give another definition 
of the 6c? (2, 0) theory [T0l Cuf) 

The field configurations in SYM theories are classified by the the boundary topology. 
For 5c? SYM theory, the boundary configurations are characterized by 113 (SU(N)) = Z with 
k G Z the winding number. Configurations with the same k could be continuously deformed 
into each other. Especially, when k = 0, fields could be continuously deformed to zero. The 
sector with the given k corresponds to the KK mode with P5 = k/R^. The energy is bounded 
by 

E > \k\/R h . (60) 

The equality holds for configurations representing the localized k/R 5 mode which have the 
zero average momentum in 1234 space. The path integral covers all configurations, so the 
complete 5c? SYM theory is intrinsically a 6c? theory. Since the configuration only carries the 
chargeless P5 momentum, there might be some kind of confinement happen. 

8 See [27] for a further evidence on the finiteness of the 5d SYM theory. 



23 



In this section, we will discuss the generic BPS states in 5d SYM theory, which are in one- 
to-one correspondence with the previous mentioned self dual strings and the string junctions. 
We will also show that the selfdual strings carrying the longitudinal momentum have the N 3 
scaling. 



5.1 BPS states in 5d SYM theory 

The field content of the 5d M — 2 U(N) SYM theory consists of a vector with fi = 
0, 1, 2, 3,4, five scalars X 1 with I = 6,7, 8, 9, 10 and fermions x§ is the extra dimension 
associated with M-theory. The action is 



S = 



9ym 



J d n x ti^F^F^ + ^D^X'D^X 1 - '-^D^ 



(61) 



where D^X 1 = d^X 1 — i[A^,X T ], F^ v = d^A^ — d v A^ — i[A^,A u }. For time-independent 
bosonic solutions with a single non- vanishing scalar field X 6 , the associated energy is 



E = — ( d A x tr 
9ym J 



-^FijFij + -F 0i F 0i + -DiX 6 DiX e 



(62) 



where % — 1, 2, 3,4. For an arbitrary vector with \C\ — 1, E could be rewritten as 



E = 



9ym 



d 4 x tr[-(Foi - sm6C k F ik + cos#AY 6 ) 2 
I I 

+^C k e ilmk F lm ± cos9C k F tk ± sin^AY 6 ) 2 

+ sin6> (F 0i C k F ik =f -C k eu mk Fi m DiX 6 ) 

1 g 
+ cos6> (To £ ikimFi k Fi m — F 0i DiX ) 



(63) 



Note that 
P k 

P 5 

So 

where 



1 



9ym 



d 4 x tr(F 0i F ik ), Quk — Z k 



2g 



2 — / d 4 x tr( 

YM J 



£iklmFl m DiX ), 



\- f d 4 x tr(e iklm F lm F ik ), Q E = Z\ = J- f d 4 x tr(F 0l AY 6 ), (64) 



&9ym j 9ym 
E > sm6C k (-P k ±Q Mk ) + cos6(±P 5 -Q E ) > Max(Z + ,Z_), (65) 



HZ + > Z_, E = Z + for 



{C k P k ± CkQuk) 2 + (A =t 



F 0i = sin 9C k F ik - cos 6AY 6 , 



(66) 
(67) 
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-C k e 



ilmk"lm 



cos 9C k F tk + sin#A^ 6 - 



(68) 



If Z, < Z_, E = Z_ for 



F 0i = sm9C k F ik -cos9D i X\ 



In both cases, 



2 



C k £n m kFlm 
1 



cosflCfrF^-sinflAX 6 . 



3km 



g? x tr 



(O fc F iJt ) 2 + (D t X 



6\2 



(69) 
(70) 

(71) 



Moreover, if 7^ 0, from (67 70), we also have CiDiX = CiF 0i = 0. For simplicity, in the 
following, we will only consider the case with Z + > Z-. The situation with Z + < Z- is 
similar. 

Without loss of generity, let C k = S k , then (67) and (68) become 



1 



SilmiFlm = cos 9F i4 + sin^AX 6 . 



(P4 + Qma) 2 + (P5 + Qe) 



•n, = sm9F i4 - cos 6DiX 6 , (72) 

(73) 

E = (P, + >/,)'- + (P, + Qi:) 2 2 . (74) 

"0i — ' , ^ilmi r lm = r i£- (75) 

£? = |P b + Qb|. (76) 

These are the equations for the dyonic instantons discussed in [TT]. F 4 — D4X 6 = is not 
necessary. If is imposed, the original 50(4) symmetry will be broken to 50(3). -P4 7^ 0, 
Q M4 ^ 0, but P A + Qma = 0. When 9 = vr/2, 



For 9 ^ 0, F 4 = A^ 6 = 0. When 9 = 0, (72)-(74) reduce to 



F)%X , ^ilmiFlm — P«4- 



Fi 



E=\P 4 + Q 



M4\ 



(77) 
(78) 



The solution describes the monopole string extending along the £4 direction, carrying mo- 
mentum P A . P 5 ^ 0, Q E ^ 0, but P 5 + Q E = 0. 

For the time- independent bosonic solutions with C k = 5|, the supersymmetry transfor- 
mation becomes 

1 



D a X 6 T a (T 6 + cos 9T 05 + sin^r 123 r 5 )e 
+Pa4ra(r 4 5 - sin 9T 05 + cos 9T 123 T 5 )e, 



(79) 
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where a = 1, 2, 3. P 4 X 6 = P 04 = is imposed. 5 t ^ = 0, e should satisfy 

(1 + cos 9T 056 - sin #r 046 )e = 0, (80) 

(1 + sin 6T 04 - cos 9T 05 )e = 0, (81) 

in which r i2345e = e is used. The solution is 1/4 BPS. For 9 = 0, we have e = — r 56e = 
T 5e, which are the supersymmetries preserved by dyonic instantons For 9 = tt/2, 

e = T me e = — r 04 e, which are the supersymmetries preserved by the monopole strings 
extending along x 4 carrying momentum P 4 . If D a X e and P a4 are not independent, for 
example, D a X 6 = sin#P a $ and P a4 = cos9D a & as that in [UJ, ( |79| will reduce to 

cos #r 4 5 — To 4 )e 

= J D a $r a r 04 (sin^r 04 r 6 + cosmos -l)e = 0. (82) 

The solution becomes 1/2 BPS. Moreover, for this state, F 0i = 0, so Pk = Qe = 0, E = 
\JQ\ia + Pi- It ma y describe the monopole string extending along x 4 carrying the uniformly 
distributed DO charge. Conversely, if F aA = sm9D a § ) D a X 6 = — cos9D a Q, F ab = 0, 
E = \JQ 2 E + Pi- The solution describes the Fl string carrying P 4 momentum, which is also 
1/2 BPS. 

Another special kind of 1/2 BPS states have F i4 = or X 6 = 0. When X 6 = 9 = 0, we 
get the instanton equation 

Foi = 0, -^ilmiFlm = F^, (83) 

the solution of which describes the DO branes revolved in DA branes. E = |Ps|. The 
quantization of the instanton state gives the 5c? massive (2, 0) tensor multiplet T5 without 
charge. When 9^0, 

F " = «* eF "> \^m = cos 9F l4 . (84) 
The SO (4) symmetry is broken to 5*0(3). Therefore, we may look for solutions which are 
translation invariant along x 4 . E = \J P% + P 5 2 . The solution describes the DO branes 
localized in R 3 carrying momentum P 4 , which, in P3 picture, is the (p, q) strings winding 
x' A . The quantization gives the 4d massive vector multiplet V4 that is also the KK mode 
of the 5d massive tensor multiplet T5. The original four position moduli of the instantons 
become the three position moduli plus one momentum moduli. tan# = P 4 /P 5 . The (p,q) 
string can be open or closed, thus carries the charge or not, so is the corresponding id 
vector multiplet. 

On the other hand, if Pj 4 = 9 = 0, the equations will be 

6 1 

F 0t = -DiX , -s ilm ,F lm = 0, (85) 

whose solutions are [i,j] Fl strings, the quantization of which gives the 5d vector multiplet 
V s . E = \Q E \. When 9 ^ 0, 

F 0i = - cos 9D t X\ X -e ilwA F lm = sin 9D, t X 6 . (86) 
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The solution describes the bound state of the [i, j] PI and the [i, j] monopole string extending 



along X4, whose quantization also gives the Ad vector multiplet V4. E — sJQe + Qma- 
tan 9 = Qma/Qe- In this case, 9 is just the previously mentioned label for the selfdual 
strings parallel to the 45 plane. A reduction along X5 is made to get the states with P 5 = 0. 
Selfdual strings extending along x 5 already have P 5 = and is projected to a point in 5d. 
The rest selfdual strings are projected to a straight line extending along x 4 , which is the 
bound state of the PI and the monopole string. Fl has the definite momentum 
P4 = 0, while the monopole string carries no DO charge, so the bound state is the zero mode 
of the 6d theory on 14 x x 5 , which should be unique, but is now degenerate. 



For 1/4 BPS state, when 9 = 0, we get (75), whose solution is the dyonic instanton, the 
quantization of which gives the 5c? massive (2, 1) multiplet with 2 6 complex states composed 
by 1 spin-3/2 fermion, 13 spin-1/2 fermions, 2 selfdual tensors, 4 vectors and 10 scalars 
[TT] . which is actually the previously mentioned T 5 © ([1/2] © [0] © [0]). When 9 7^ 0, the 



equations are ( 72 ) and ( 73 ) . The solution corresponds to the bound state of the string and the 
monopole string, carrying the P4 P5 transverse momentum respectively. The string and the 
monopole string carry the different charge, for example, and [j,k\. The quantization 
gives the Ad V4 © ([1/2] © [0] © [0]) multiplet with 2 6 real states composed by 1 spin-3/2 
fermion, 14 spin-1/2 fermions, 6 vectors and 14 scalars, which is the massive KK mode of 
T 5 © ([1/2] © [0] © [0]). Notice that for the P1-P0 bound state, P0 is chargeless, so the 
corresponding multiplet can only carry the charge. On the other hand, for the F1-D2 
bound state with the transverse momentum involved, PI and D2 may carry the and 
[j,k] charges, and so the corresponding multiplet may have the index [i,j,k]. Just as the 
1/2 BPS case, P0 in momentum other than position eigenstate of X4 can carry charge. 

5.2 Selfdual string carrying the longitudinal momentum 

It is convenient to work in P3 picture. With 24 compactified, under the T-duality transfor- 



mation along x 4 , A 4 — > X . Let F 0a = E a , ^e^^P^ = B a , (72) and (73) could be rewritten 

as 

E a = sin 9D a X A - cos 9D a X 6 , (87) 

B a = cos 9D a X 4 + sin 9D a X 6 , (88) 

which are the standard BPS equations for the M = A SYM theory with two scalar fields X A 
and X 6 turned on. In the language of the M = A SU(N) SYM theory, 

J dS a E a = ep ■ H, J dS a B a = ^q- H, (89) 

where the vectors p and q are the electric and the magnetic charges respectively. H generates 
the Cartan subalgbra of SU(N). 

p • H = diag(pi,p2, • • • ,Pn), q • H = diag(gi,? 2 , • • • ,Qn), (90) 
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££i ft = E£i Qi = 0. Suppose (X 1 ) = v 7 H = diag« < • • • , v* N ), vf > v% > ■ ■ ■ > v 
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J d 3 x d a tr 

d 3 x d a ti 
d 3 x d a tr 
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X b E n 



ep . v 4 = e^p t vf P 4 , 



8=1 

N 



X 4 P„ 



= ep ■ v 

4vr 



i=l 



X b B n 
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Air 



-q ■ v 



q - v u 



An 
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47T 



iV 



8=1 

iV 
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i=l 



The energy become 



E 



Q% + Qlr) 2 + (Q% ~ Qir) 2 



(91) 

(92) 
(93) 
(94) 

(95) 



x 4 ~ x 4 + 2imR. The transverse position of the P3 brane in 4-6 plane could be denoted 
by (vf, vf), where v\ G (— oo,+oo). 

The generic 1/2 BPS state is the (p, q) string connecting the i j D3 branes with the mass 



E 



[e P (vf - vf - ~q(vj - vf] 2 + [~q(v? - vf + ep(vf - vf]*. (96) 



Especially, if e 2 p(v 



Anq(vf — vf, the state will reduce to a D2 brane carrying 
P 4 momentum, while if Anq(vf — vf = —e 2 p(vf — vf, the state will become a [i,j] string 
with [j, i] DO charge. Notice that in this case, the P4 momentum and the DO charge spread 
uniformly over the D2 branes and the strings. 

The simplest 1/4 BPS state is the 3-string junction with i j k representing three distinct 
D3 branes with coordinates (vf, vf), (vf vf, (vf,vf). With the charge vector v e = (1, 0, — 1), 
v m = (0, 1, —1), the mass is 



E 



[e(vf 



An 



An 



(vl-vt) + e(vi-vi)\*. 



(97) 



The corresponding state on DA is a [i, k] string with vf — vj DO charge and a [k, j] D2 brane 
with vf — vf Pi momentum. Especially, when e 2 (vf — vf) = An(vj — vf), the state reduces 
to the [k,j] D2 brane carrying [k,i] P4 momentum, while when An(v b — vf) = e 2 (vf — vf), 
the state reduces to the [i, k] string carrying [k,j] DO charge. The [i, k] string and the [k,j] 
D2 brane are parallel, so the bound state does not exist, nevertheless, with suitable amount 
of P4 momentum and the DO charge, the bound state may form. With the given A4, the 
string (P2 brane) can only carry the P4 momentum (DO charge). However, they 
can carry the [j,k] or [i,k] DO charge (P4 momentum), which is actually the transverse 



9 For (951 to be valid, for the given v 7 , p q should be selected so that Z + > otherwise E 

ViQ^-Qir + iQ'E + Qij) 2 - 
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momentum of the [j, k] or [i, k] D2 brane (string). The selfdual string carrying the [j, k] 
longitudinal momentum has the N 3 scaling. 

Now, consider string webs with more external legs. For i > k > I > j , the D2 brane 
(string) [k, 1} string (D2 brane) bound states do not exist. The bound state may exist if the 
[k,l] string (D2 brane) carries the appropriate P4 momentum (DO charge). In general, the 
charge vector can be taken as Pi = 1, pj = —1, p a = for a 7^ q a = for a > i or a < j. 



P 4 = e(v*-vt), Q E = e(v°-v<>), 



6 6 

m=j m=J 

47T i Air i 

Qm4 = -— Yl <i™ v ™ = r ™( v ™+i - v ™)- ( 98 ) 

m=j m=j 

This is the bound state of the [i, j] string and r m [m+1, m] D2 branes each carrying v^ +1 —v^ 
[m + l,m] DO charge. Especially, if the string carries the transverse momentum P 4 so 
that P4 + Qm4 = 0, the state will reduce to the string with r m i> m+1 — [m + l,m] 
DO charge. Conversely, one may let qi = 1, qj = —1, q a = for a 7^ p a = for a > i or 
a < j. 



47T, A 4tt 

e 



P 5 = — K - V?), QM4 = — (vj - vf) 



m=j m=j 

i i 

QE = eY, Pmvt = -e s m (v e m+1 - v e m ). (99) 



m=j rn=J 



The corresponding state is the bound state of the [j, i] D2 brane and s m [m, m + 1] strings 
each carrying the f m+1 — P4 momentum. When P 5 + Q E = 0, the state becomes [j, i] D2 
brane carrying s m f^+i ~ v tn [m + 1, m] P4 momentum. 

We can give a more precise description for these longitudinal-momentum-carrying states. 
For example, for string web in Fig.l, suppose the strings extending in x 4 xq directions 
are (1,0) and (0,1) strings, while the rest ones are (1,1) strings, then the state could be 
taken as the [i,n] D2 extending along x 4 x xq, for which, the [k,l] [m,n] D2 carry the 
zero P4 momentum, the [j,k] [l,m] D2 have the uniformly distributed Tfi|i^ 6 |, Tpi\v^ d \, P4 
momentum, while the rest T F1 \vj a \, T F1 \v% k \, T F1 \vf c \, T F1 \v dm \, P 4 momentums are localized 
on the jth, hh, hh, m th DA branes. 

D2 (PI) is composed by + ■■■ P>2's (Pi's). Each [a, a + 1] P2 (PI) 

must have the same transverse velocity, otherwise, the bound state cannot be formed. On 
the other hand, the longitudinal momentums along £4 (x 5 ) on each [a, a + 1] P2 (PI) are 
independent, so the degrees of freedom on the D2 (PI) is j — i. Altogether, there are 
N(N - l)/2 D2 (PI), therefore, the total number of degrees of freedom is (iV 3 - N)/6. 
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Figure 1: The ijklmn string web 



The N 3 scaling comes from the longitudinal momentum. Both transverse momentum and 
the longitudinal momentum carry the charge. The D2 (Fl) can only carry the [i,j] 
transverse momentum but the [k,l] longitudinal momentum for any % < k < I < j. The 
index calculation in [28] also showed the (N 3 — N)/6 degrees of freedom for the longitudinal 
momentum mode on open D2's connecting ZM's. 

6 The degrees of freedom at the triple intersection of 
M5 branes 

In this section, we will consider the the triple intersecting configuration of the Mb branes 
5_L5_L5. We will discuss the possible string junctions and their relevance with the N 3 degrees 
of freedom at the triple interaction. 

Suppose there are Ni, N 2 , iV 3 , M5 branes extending in 1 2 3 4 5 direction, 1 2 3 6 7 
direction, and 1 4 5 6 7 direction respectively (see Fig.2). The common transverse space 

0123456789 10 

M5 ****** 

M5 * * * * * * 



Figure 2: The M5 M5 M5 configuration 

is x$ xg Xiq, while the common longitudinal spacetime is xo x\ with xq the time direction. 
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If x$ = Xg = Xio, the Ni + N 2 + N 3 M5 branes will have NiN 2 N 3 triple intersections no 
matter whether each bunch of M5 branes are coincident or not. The black hole entropy 
calculation shows that there are NiN 2 N 3 degrees of freedom at the triple intersections, so 
each intersection will offer one degree of freedom [29J. The situation can be compared with 
the 4_L4 configuration for N\ and N 2 intersecting DA branes with NiN 2 3d intersections. 
There are U(l) x U(l) massless hypermultiplets living at each intersection, producing the 
NiN 2 entropy. So, we may expect that similarly the triple intersection will also capture some 
nonabelian features of Mb. 

Consider one intersection and label the three M5 branes by i, j, k. In the most generic 
case, i j k M5 branes appear as three points v{ Vj v l k in x$ x x 9 x x 10 transverse space. Still, 
we want to compactify two longitudinal dimensions of M5 branes to simplify the problem. 
There are two distinct possibilities: x 2 x x^ and x 2 x x\. M theory compactified on x 2 
gives the type IIA string theory, with the i j k M5's becoming the DA DA NS5. The triple 
intersection of the DA DA NS5 branes still have the N\N 2 N 3 entropy, so the KK mode along 
x 2 can be safely droppecj^J 

0123456789 10 

D3 * * * * 

D5 * * * * * * 

NS5 * * * * * * 

Figure 3: The D3 D5 NS5 configuration 

Then compactify on x<± with the radius R4 and do a T-duality transformation, we get 
D3 D5 NS5 (see Fig.3). The state carrying k) index is the 3-string junction with (p, q), 
(p, 0), (0, q) strings ending on D3 D5 NS5, which will become massless when v\ = Vj = vi- 
This is the scenario discussed in [30J. The 3-string junction is the point-like particle in 
Xq x Xi, so they may give the field f l: > k (xo,Xi) localized at the intersection. In M theory 
with x 2 x Xi compactified to T 2 , the 3-string junction is lifted to a M2 embedded along a 
holomorphic curve in x 2 x x 4 x x$ x x 9 x xi , ending on the three M5's along (pR 2 ,qR4), 
pR 2 , qRi [26] . Still, the problem is that when the three M5 branes intersect, the 3-string 
junction is at the threshold and may decay into the component strings. If they do decay, 
then at the triple intersection, there will be no BPS state related with all three branes. 

The other possibility is to compactify on x\ with the radius R\ and also do a T-duality 
transformation. We get D3 D3 NS5 (see Fig.4). In x$ x xg x x w , no string junction can 

ln Thc P2 momentum may have the relevance with the c = 6 central charge. With one M5 fixed, there 
are 4 moduli to characterize the 5_L5_L5 intersection, while for DA DA NS5, only 3 moduli are left, since the 
motion along xi is frozen. 
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0123456789 10 
E>3 * * * * 

D3 * * * * 

NS5 * * * * * * 

Figure 4: The D3 D3 NS5 configuration 



be formed. We may consider the 3-string junction in, for example, X\ x xg plane. The KK 
mode along x\ cannot be dropped. Actually, in the T-dual picture, x\ is a circle with the 
radius r 1 R , so D3 and D3 will be separated with the distance T m R in the covering space. 




Figure 5: The 3-string junction in 18 plane 



In x\ x x$ plane, NS5 is a straight line locating in t>f , while the % j _D3's appear as two 
points with coordinates (vl,vf), (i>j,i>|), = T ™ Rl ■ The simplest 3-string junctions are 
given in Fig.5. In Figure 5 (A) and (C), the io oj ok strings carry the charge (p,q) (p, 0) 
(0,g), tan lioj = — In Figure 5 (B), the io od o'j strings carry the charge (p, q) (p, 0) 
(j>, q), tan Liod = tan loo'j = — Actually, there are also (0, q) oa string and the (0, q) bd 
string ending on NS5 with the zero length. The string junctions like this always exist. The 
mass of the string junctions in (A) and (C) is qToi\vf k \ + pTp\\v}j\. The mass of the string 
junctions in (B) is qT m \vfj\ + pT F1 \v}j\. In the T-dual picture, Figure 5 (A) corresponds to 
q [i,k] monopole strings with tension wrapping x\ carrying the longitudinal 

momentum Pi = pmjR\. The situation is similar for Figure 5 (C). Figure 5 (B) corresponds 
to q monopole strings with tension T M2 \vfj\ wrapping x 1 carrying the longitudinal 
momentum Pi = pmjR\. 

When vf = = v%, Figure 5 (A) and (C) reduce to the [i, k] tensionless monopole strings 
wrapping x\ carrying the longitudinal momentum P\ = m/Ri, which is offered by the 
potentially existing massless string. In Figure 5 (B), with oa od or od bd kept, the 
state becomes the [i,k] or [k,j] tensionless monopole string wrapping x\ carrying the 
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longitudinal momentum Pi = m/R\ offered by the massless string. Monopole string 
wrapping x\ carrying Pi momentum corresponds to the KK mode of f v (xo,Xi) along x\. 
Again, at the intersection, the state may decay into the monopole string and the string, and 
then there will be no BPS state relevant to all three branes. 

At the 5_L5_L5 intersection of three NShA§ or NS5b j s or D5's, there are type IIA strings, 
or type IIB strings, or D-strings living at the intersection. The F-string or D-string has the 
Ad transverse monition thus may produce the c = 6 central charge. The oscillation of the 
F-string or D-string gives the Pi momentum. The problem is that neither F-string nor D- 
string carries charge, so it is difficult to explain their relation with the three intersecting 
branes. 

7 Discussion 

In this paper, we considered the momentum modes of the M5 branes on a plane, which 
are the transverse momentum of the selfdual strings parallel to that plane. Different from 
the D branes, on which, the momentum modes are carried by the same kind of point-like 
excitations, here, the unparallel momentum modes are carried by selfdual strings with the 
different orientations. Selfdual strings with the same orientation gives a 5d SYM theory with 
the field configurations taking the zero Pontryagin number. The original 6c? (2, 0) tensor 
multiplet field is then decomposed into a series of ^-parameterized 5d U(N) SYM fields, 
among which, fields labeled by the same 9 have the standard SYM-type interaction. Fields 
labeled by different 9 are associated with the selfdual strings with the different orientations. 
As a result, the + [j, k] — > [i, k] relation is not valid and the coupling cannot be realized 
as the standard matrix multiplication. 

Since the bound state of the 9\ selfdual string and the \j,k) 9<i selfdual string is 
not some [i, k] selfdual string but the 3-string junction, we may also include the string 
junction into the theory. Each 3-string junction is characterized by (#i,#2,#3), forming 
the tri-fundamental or anti-tri-fundamental representation of U(N), and may couple with 
the 6*i 6*2 6*3 selfdual strings in adjoint representation of U(N). + [l,j,k] — > [i,j,k], 
\j,m) + [i,m,k] -»- [i,j,k], [k,n] + [i,j,n] -> [i,j,k]. 

The quantization of the 3-string junction will give the higher-spin multiplet, for which 
the simplest one is the (2, 1) multiplet with the highest spin 3/2. It is unclear whether 
the introducing of the 3-string junction will solve the problem or bring more problems, 
since at the beginning, we only want to get a theory for the (2, 0) tensor multiplet. The 
incorporation of the 5d massive (2, 1) multiplet into the 6d (2, 0) theory compactified on S 1 
was also discussed in [T5], where it was suggested that the algebraic structure of the 6d (2, 0) 
theory may have a fermionic symmetry in addition to the self-dual tensor gauge symmetry. 

Each 3-string junction carries three indices, so they may offer the N 3 degrees of freedom 
on N M5 branes. However, the existing of the 3-string junction is severely restricted by the 
marginal stability curve, outside of which, the string junction may decay into the strings. 
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For the given vacuum expectation values of the scalar fields on M5, the momentum of the 
string junction on that plane cannot be arbitrary. Especially, on coincident M5 branes, the 
3-string junctions are at best at the marginal stability curve, so it is quite likely that they 
may decay. 

Maybe it is easier consider the problem in the dual D3 picture. For D3 with the trans- 
verse dimension x' Ab compactified, the winding mode of the (p, q) strings is dual to the 
(n / R4, m I 'R5) momentum mode on Mb. For the give p and q, open (p,q) strings with the 
arbitrary winding numbers have the SYM interaction. Then the questions are whether the 
open (p, q) (r, s) strings can interact or not, if can, in which way, what is the situation when 
D3 branes are coincident. 

Among all selfdual strings, only those parallel to a given plane are taken as the pertur- 
bative degrees of freedom; nevertheless, different planes give the dual theories. One may 
compare the 6d theory with the 5d and 4d theories coming from the reductions on x$ and 
X4 x X5. Obviously, selfdual string extending along x 5 is the only candidate to define the 5d 
theory. However, for 4d theory, any selfdual string parallel to the 45 plane, carrying zero 
transverse momentum along it can act as the perturbative degrees of freedom. Only one is 
selected to give the 4d field, while the rest ones define the dual theories. Similarly, for 6d 
theory, selfdual strings parallel to a specific plane can be taken to give the Qd field, while 
the other planes give the dual versions. M5 on Si x S2 X S3 x S4 x S5 is dual to D3 on 
Si x Sj x Sfe with a transverse S' lm , where {1,2,3,4,5} = k, I, m}. The (p,q) string 
ending on D3 winding S' lm is dual to the selfdual string extending in (qRi,pR m ) direction, 
carrying transverse momentum in xi x x m , localized in Xi x Xj x x^. There are 10 possible dual 
theories, corresponding to choosing the selfdual strings parallel to 10 different 2d subspaces. 

M5 on T 5 is SL(5, Z) invariant. However, the Qd theory on M5 does not have the 
explicit SL(5, Z) invariance. The SL(5, Z) U-duality transformation, or the SO(5) U-duality 
transformation in R 5 , is not a simple differorphism transformation but is also accompanied 
by a reallocation of the perturbative and the nonpertubative degrees of freedom. The U-dual 
6d theories are equivalent, so the SL(5, Z) transformation is just like a change of the gauge. 
This is similar with the D3. Although D3 is S-duality invariant, the 4d theory on D3 does 
not have the SL(2, Z) invariance. The nonpertubative SL(2, Z) transformation gives the 
equivalent 4d theories. 
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